Legendrian  Contact Womology

Assumprions: Working in R> (g open unit baW) with Comtact Stwacture o = de +ady.
(M, 5)
od * de - ygdx

References:
Intcoduction:
B wnot K:S' > M is a legendran if '\'Pkcﬁl, N\ pe w(s). Thar s . his a closed integrl ocurve of the Contatt structure.

Guven any wnot K, can askh  awout how one Could classify +he  knovs.

Topotogically —> project onto  Sewme plane s-+.  diagmm is  nondegencrale

Contacly - front  pmjection T:RE=2RY, @ » (x,2)

Logmngian projection Tr: R3 - R?, (u3) o (2Y)

Example: Legendvian  unknor - %,l <> {X) Care  mostly avow Logmngian ProRetion for  today.
x

Remark : every WHnot can be cepresented by a Lege,ndvian

{ \o

Remorh:  Wirn ouf convention, we 00ly allow  Kiaks of +he form O\ o ) (ankierocwwise goes  downs¥dirs)-

Motivarion:
Remark: Gny legendrian has ossociated o & Anvee classical invar{ants:  jts  Smookn  \sotopy ClOSY,  iks  (oYalion pumber, Ond

itS  Thurston- Bennequin iavariant. Two  classificarion quesvions are:

4) wwich cwoices of classical javarviants can be vealited by a Legendvian? ( ®enneauin Tnequalivy puts restrictions on +Mis)

2)  po +here exist l),La thar snare  Hae same aassical  jnuavion®, bul ave nov ugehdvian isoropic?
Elioshberg = Fraser answered 2 oS Ao for yne C03@ OF SMookh pnknots.
Chehanov answered ¥nis guestion Qs yes Aor obher Wnoks:

Chehonou, 2009 - £ any Llegenddan KCR?, 3 a differential graded aigebra , Wnose generators qre  double poinks o
W lagmngian projetion , and +he diRerential is  defined (omkinaterially via twe dingam. Moe Qenerally, one  can smine

of the differential Qs a count of seme T- holomorpwic  boundawy Pumchued disk.

Tdea: build o new javarianky, which is now Known as ine thehanov- Eliaswberg DGP-

(Hofer)
Remarh:  eriginal  algebm was  for  Legendrian  pnors in R®, with L, Coefficiens. Chehanov - El'\uhbef; Awen  exended the
tonstruction 4o Legemdran gSupmoni®lds  ( win Poswnl: >| connecked (omponents) in  an arb'd-ﬂma Contatt manifeld ).
(aso arund ime Same +ime). Later, lo 2008, Eingre - Ng - Sablekf litied +he CEDGR 4o on agevm  over TLLtt"1, nod
just Ta. Tn e oiginal Vermion, the generaters are also relatively /g graded, where g = riation numvec of Kk = or(K)

In e E-N-S version, +ne grding  lifs to a S Tt - grading



Outling OF Tawm:

1) Define DGR Combinatorialy, rouching on Some of the Floer- Theereric jnterpretarions.
% MAlgebra, grading, differential , first exampies
D Jusity why 9 =o-

3) pescribe  Chenanou's  gxample.
Chekanov - Eliashberg Doh:
The Algebra :
Floer Theorekic  descviption :
et P= S 000 > RE|I V), v() €KY | This is an oo dimensional

oefine an atrion Munctional UA(Y): = -r-f“
For @ suitable dén of ws derivarwve, dAy , Wwe fiad that ¥ g G CNK point of dd =& x T § 0, j.e. ¥ s

a Reeb chord.

Combinatorial Descriphion:

Detinition: let4 KA be o Legendran ia R Choose a Loagrangian  pwjection of K, and label s double peill oS

{o..,..., Y . closed \wp 2 finirely wany douv poinis. ‘These  correspond 4o Reeb cwords.

ter CH= TMa<0,--,0nY o sme free algebra eenenﬂed by Qy,-..,0n over Tl coefficients.

clements * Words in Reeb chords.

The 6Gwrading :

an Gl0Rbra - generaking eglement  inherits a srading Aot con be described borh  Floer - Theorericaly Ond combinatorially.

Floer - Theoretic Descriptioa:

lev a e CCK), and \er %o, %, denote ity beginning and end poinks. Choose O capping  path ¥: €0, -» K such +war Y(o0) = x,
and (D)= %  (uns from top point 4o boHom point) . Tahiag +he Lagrawgian projection, +he linearited f£low  Gloay  +his
closed (oop defines a  patn of lagrangian swbspaces T(t) in €. Note ithat WS path s nor closed, A3 +ne stoart  and end
arises from a double point. e may close r(t) as Folows- Dencte Vo= T(0) gu¢ v, = r(|)‘ and cwooge .S T

St TV = VUe. Dekine a pawn ACN, v)R) = 'Y, , te Co,™.] Concatenaring T+ A Jums o aosed loop in +ne
lagrangian Gimswonnian, and we can wneveb®  assouiab® 1 3 ye  Moswy Tndex: w( T- MNV,) 2 qiso caved
the  Conry - 2ehnder Index of the path - This s what we deRne +o ve v(). Tnis s independent  of cloice of I,
bui dees depend on  homoiopy clasy o parh Y ! \J.,I(q)-"'ar:(q) =l Y ¥(-Y2)) | g0 v(a) s well -defined  wodulo

Mas\ov  nuwmber.  we get |l Vy () -1.



Combinatorial D escription:

for eath doubie point, ne egendvian K S gplit int® kwo  curves, which we orient as going from e op

Strand ‘o e bottom stand-  Call thedX Fwo curves C; and C2 . Wiog, crssings are orHhogoaal. Then for each £ € S.hl]_\

] \ .
™e wiation numoer is of vhe furm t(TW(C)) = ZNe *% (it is an odd mulkiple of %) we set 1ol : Ng o einer €
Of  equivalently, la) = zmi(T\'( Ce)) - { Noke  +hay N, "Nz up 4o Sign is Qqua\ <o ¥we NOI\OV  number (EEVSTERT

fwice  ime rova¥en pumver o W).

Prackically, oand  Sor groding  1ifring ceousons, OnE Ccan chooR a vasepovt, and detine gmdic\g; by cwnoosing capping paths

that avoid (¥).

We edend the grding o wods W €A by lewing Wl =2 | lewers in W with wulkplicivyl .

The Diféerential

Floer  qneoretic description

Roughly speading, we tount punctured pseudoholomorphic  disHs in the Sympleckization of M ynat ook  line:

N oo

o
b|\-/bn

T
A n—n

N "

We  define +ne woduli space M(a;by,..,0n) = §7-hoe w: (oh,20a") > (RY, ®x k) 1, ihe paramebized maps
n
snar  ack 3 Qbove-  The dimension of ine Modiali space is  equat to  dim(a) = (2] - ?:,“"'\ ., wWhidh ia4he case

rhar  dim(an) = \, giues ws Q well-defined cound- modulo ?ammeﬁuﬂm
A wswal, we sex <22,6% = # W (ayvyubn) | where b= b,..ba ond extend lineacly.

R4 Y r*
Morally, we can ViRW 4he curves under the doub\e projechion  symplectization = comrolt méd -» Lagrangion projection

and see iwese diskS  combinarorialy.
Combinatorial  Desuription :
In oder 1o MakE sense of he orenkorion of nese disks, we decorave each  crosing  with  siges:

( #ne oMocarion ©E Signs depend 6a  taduced

0(1QNtation o Lagramgian Rl COnoaical arientarion on

MR compex disk)



Instead of a moduli space of J - waves in IWe  SymplRCtizarion, we NOW Count:

AL )b, o) = 5 w: (Da?,30q) (‘P"‘s" , TwY) saristying (1) -y

1) w is an \mmersion
) W sends boundaly puncrures Yo cressings  oF  T(A)

) w: x v a and a nhood is vnapped v a quad of O |apelied w) V€ Reeb Sign

U:; ¥ %, ond a nwood i rapped o o  guad & p. \aveled W) -ve Reeb Ssign-

n
Remark: A(u- gy .-, ba) + 9 then la\ - I eil =1
. . . . = (ﬁgv\cd)
idea: pick o basepoint +hat does not interseck ihe boundary of Ywe disk, and compare +the capping porhs fur e genmaters.
Vou get the gigned difference of paths i3 exawly +he boundary ot the disk, which has rolation number 1 (presenved

wnder  immersion).

As  before, we sex <22,6> = # A(a;vy-bn) | where b= .. ba ond @ciend lineacly.

Remark: @ is  weli-defined, i.e. is a finite sum. To see +his, note +har i€ 3 ue A(Quby--, bm), -

hia) - f h(v) >0

Consider & closed (urve in R®  comprising  Reeb chords and WHES of the boundam conconents of W(D®) onto L:

Tor example, [ = U Yo UDbUY, UDbUY, !

NYR  that +he toral heigwt am'ned b& waking ve full closed \oop is 0, j.e. .fr dr =o.

We anayse this  jnegral:

- . S ax
o s‘- 4% g.b-,-.-,b:! * Yo i¥y--y¥a
ar = -
‘# Sﬂ,b.'...,b'\ "."o,-v,....,YAQQ
= -1 2'(¢) at
"g,..,'f'\

(Sintee ¥ lie on K) : - f.'.o'__ﬂn «(x) y'(%) de
Since integral only depends) T - xl4) g (1) 4t
(01\ 2,y Coor dinakes ) (o) ¥n) Sroxes'

{ *
(33 constmacon) = .“ wdy = § u‘\‘(-gqs) = (a—;ad-d) So .

u(2p) °0 >



Examples

Example 1: #he unknot

/grading: \al =1\
L= % algebra: LAy
a

chains ¢ L {0, 0 0%, 0% )
(graded)
Di #ferenkiol - Suffices 4o compute 2(0) ond exrend 4o resx of generatns  using Leibnit

In e diag@m, weve ode  bOoth Reeb SWYN  and oAentation Sign  assignments.

e
There  Gre dwo diskl  agsociated 19 &, porw  whieh have ~—ve assymporic end | ( so oty 1 "Punwre ond no e l,unu-\..e\

P2 has V& ReeL sign qopards O,
D, nas V& Reto fign sewacds O, and  Was €(W) = 4\ p.C. NOF nRRisecring
ond  was €CW) T b.C. ROE in¥RsecKng “v@ oriefarion quad ¥ o, and no owner
“VR  ofeMatien quad ¥ o, and no ovner bourda®y puncrvees:
bounda®y puncrvees.

vene, 9(a) = +D() ¥ (4a(D =2

Hene, 9(W =2 = 3=z=2. (20 me 2)

n
{\,a, a, ..., a",...»

Legendvian  homology : Ker(?)/ = /0 ={\a, 0, .. ,00 Ly

Im(2)

Example 2: +he positive tretfoil

/an layl, \as) =)
q./\,/n‘

A lann = laz | =laa)l = 0.

dlay) :



why 9'=0

when dal-ermining 9, we select
Comwbinavoriolly:  say
Picrure
()= a...0k®ICy...Cm
() = ou-e-ax(bz..be)e,--tm
\_/—\/\J
WhGt  4nis 4um  fRalNy Counts
S +wo disks gwed ar ine
Crossing o,
T.e. 9" (oefficients count 4ne number of  I- holo
Spate  ¥nor s 1 dimensional.

Compackifging , we

monomia\  has q s'lsned tount Oof 0. <n ine

boundavy punctured glisks
WOOW ot

rigid picture ,

. dl
associaved:

Q... QK

« Cm

With one obtuse coraer . This IS 0 wodub

boundary pownls  come n

cancelling poks, So ihar Rach

We See e following:
N\
\ \/

\\><

limitin vehaviour of rhewke brfanches Show how
9

e disks  can degev\cm&e

in xwo gitlevent
dicecrions.

T.e
R note on Invariance + Genecor Remarks
Two legendrian isotopic Kno¥s lhave isomorpwic dgas 0 +ne
Ak A(k)

| |

SCACKY) —— S'(A(R))
4]

following gense:

® i a Chain  isemorphism ihat 1S exdkly a composition
of (finitely many elementary auromorpwisms [ tnose

Anav  preserve all genrarors @xcept for one).



* (Coc: any 4wo Llegendrian isotupic

¢ This is oaly

Yoae in one direCrion.

WNOYs

have the gcame LCH.

In porvicwiac:

/
Prop:) 1§ h is o Srobihzed (egendrian Wnor (udd /\') of Q) , dven  ne

¥
"o

Intoduce 4 new generator O , with Qveq of dish

wig‘mm diagram-  Then

By leibniz e ¥

ol

C10)

=1 > only count disk n

C(ydes are boundaries = LCH= 0.

© Vonishing LeH # koot is staviized , example due io Sivek, 2013

° does no* characteriz® wunknot

Proof of Chekanov's Result:

Chekanov's Wnors:

X_
\ al we've
which strand
XA 2=

qQ

d

Can read off :

X

{

(%)

done 13 change

x/_
&

d

L2

mL) = mtz) =0, pl) = plla) =1,

and both isotopic ,  are 52  Wno¥s.

one can wrire down

LCH  Vanishes.

subficienty small So anar  W(a) < W(P) Y b douwle point in

lobe formed. Now for any we Wer (3), 9(aw) = w

, Kook

™ (\0 (35).



