
Legendrian contactHomology

Assumptions working in 11m eg openunitball withcontact structure
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Introduction

A knot k s M is a legendrian if tpkcspv.pek s That is isis a closedintegralcurve of thecontactstructur

Givenany innot k can ask abouthowonecould classifythe knots
Topologically projectonto some plane sit diagram is nondegenerate

contacts

Iii a.fi isiii
Example Legendrian unknot z C care mostly about Lagrangianprojection for today

remark every knot canberepresented by a Legendrian
emark with our convention we onlyallow kinks oftheform or X anticlockwisegoesdownstairs

Motivation
emark any legendrian has associated to it threeclassical invariants its smooth isotopyclass its rotation number and
s ThurstonBennequin invariant Two classification questions are

which choicesof classicalinvariantscanbe realized bya Legendrian Bennequin Inequalityputsrestrictionsonthis

Dothereexist 4,12 thatshare the sameclassical invariants butarenotLegendrian isotopic

liashberg Fraser answered 2 asneforthecaseof smoothunknots

hekanov answeredthisquestion asyesforotherknots

hekanov 2009 forany Legendrian KCIR a differential graded algebra whose generatorsare doublepointsof

Lagrangian projection and the differential is defined combinatorially via the diagram More generally one canthink
of the differential as a count of some J holomorphic boundarypunctured disk

ii iii Iii am imm
construction to Legendrian submanifolds withpossibly connected components in an arbitrary contact manifold

alsoaround the sametime Later in 2001 Etnyre Ng Sabloff lifted the CEDGA to an algebra over ILCHE not

just722 In theoriginal version the generators are also relatively 7 g graded where g rotation numberof k rock
In the E N S version thegrading liftstoa full 7 grading



outline of Talk

1 Define DGAcombinatorially touchingonsomeoftheFloertheoretic interpretations
Algebra grading differential firstexamples

2 Justifywhy22 0
3 Describe chekanou's example

Chekanov Eliashberg DGA

The Algebra

oer theoretic description

let P rico.is as renren.is minima
angian

Define an action functional Acr Sr
For a suitabledenof its derivative dear wefindthat r is a criticalpointof da a j o i e r is
a reeb chord

Combinatorial Description

Definition Let h be a Legendrian in IRS choose a Lagrangian projection of k and label its doublepoints as
as an closed loop finitelymanydouble points These correspond to reenchords

Let CH thecan and be the freealgebra generatedby a anover722coefficients

elements words in Reebchords

angeliaInferating
element inherits a grading thatcanbe describedboth Floer theoreticallyand combinatorially

iiiiii Iiii si i
closedloopdefinesa pathof Lagrangian subspaceseat in a Note thatthispath is notclosed as thestartandend
arisesfroma double point wemayclose et asfollows Denote vo Tco and v i andchoose a.es J
st so vo Define apath xcvi.ro t ettv teco.tk concatenating tax forms a closed loop in the
Lagrangian Grassmannian and we can therefore associate to it the Maslov Index ul e vivo also called

the conley tennder Index ofthepath This is whatwe define to bereal This is independent ofchoiceof I
butdoes dependon homotopy class ofpath r ur a Nr a a r c re so veal is welldefinedmodulo
Maslovnumber weset lal ur a 1



Combinatorial Description

Ian i.im iti a iii mii i ii n a ca.us
me rotation numberis oftheform rotAccel ENe 4 it is anoddmultipleof it weset lal Neforeithere
or equivalently ial ant t Ces Note that N Nz up tosign is equal tothe mastovnumber this is
wice the rotation numberof K

sractically andfor grading liftingreasons onecanchoose a basepoint anddefine gradings bychoosing capping paths
hatavoid

weextend the grading to words we Aby letting in Σ Iletters in wwithmultiplicity

The Differential

oer theoretic description

roughlyspeaking we count punctured pseudonocomorphic disks in thesymplectization of Mthatlook like

to

nf blangdadhgiahnielff.tk
b sn

st

m
o

we define the modulispace u a by bn 5 nolo a DiaDn Rt Rx k the parametrized maps
that actas above The dimension of the moduli space is equalto dima 191 bit which inthecase
that dim u 1 gives us a welldefined count modulo parametrization

As usual we set caa b it a by ibn where b b bn andextendlinearly

Morally we canviewthe curves underthedoubleprojection
symplectitation contactMia Lagrangian

projection

and see thesedisks combinatorially

combinatorial Description

In order tomake sense of theorientation of thesedisks we decorate each crossing with signs

I theallocationofsignsdependon induced
orientationonLagrangian rel canonicalorientationon
the complexdisk



Instead of a modulispaceof J curves inthe symplectization wenow count

a b bn a Dna20m Ray 1st satisfying 1 4

1 a is an immersion
2 a sendsboundarypuncturestocrossings of HCN
3 a x to a and a nhood is mapped to a quadof a labelledw the Reedsign

y to bi and a mood is mapped to a quadof bi labelledw weReebsign

Remark Ocaby bn 0 then ial Ebit
idea pick abasepoint thatdoesnot intersect the boundary ofthe diskandcompare theclipping pathsforthegenerato
Youget the signed differenceof paths is exactly the boundary ofthedisk which has rotation number 1 preserve

under immersion

As before we set caa b Ica by ibn where b b bn andextendlinearly

Remark a is welldefined ie is a finite sum Tosee this note that if ueocasbur.sn

ha Inhbi so

consider a closed curve in 1123 comprising Reeb chordsandlifts of the boundary components of UCD ontoL

IFForexample r aurous ur ubaur

Note that the total heightgained bywalkingthefullclosedloopis 0 i e Seat o

we analysethis integral

o S at Sam net fromsonat

Samnet fromarndt

Sromn
z t at

since r lieonk from.mnactly t at

ciy.tegtaifaesdepends Sacrosernsn't ychat

By construction dy a ray atannoy so



Examples

Example 1 the unknot

C iii iii iii
Differential suffices to compute aca andextendto restof generators using bni

In thediagram we've made bothReebsignandorientationsign assignments

There aretwodisks associated Énwhich have we assumpotiend soonly aFuncture andnowepuncine
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Example2 the positive trefoil
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Why 220

when determining a weselect

combinatorially say
picture associated

aca a akbici.i.cm

I iiii i
I e as coefficients count thenumberof Jnolo boundarypunctureddisks withoneobtusecorner Thisis a moduli
space that is adimensional compactifying we knowthatboundarypoints comein cancellingpairssothateach
monomial has a signed countof0 Inthe rigidpicture weseethe following

limiting behaviourofthese branchesshowhow

g 1 c
andesenerate in twodifferent

a cm

cm

a cm a cm a cm

A note on Invariance General Remarks

TwoLegendrian isotopic knots have isomorphic agas inthefollowingsense

Alki Alka
setacian

it
sitack is achain isomorphismthatis exactly a composition

of finitelymany elementaryautomorphisms those
that preserveall generators exceptforone



Cor anytwoLegendrianisotopic knotshavethe samecent

This is onlytruein onedirection In particular
prop if k is a stabilized legendrianknot addX or 9 then the LCH vanishes

of Introducea newgeneratora with areaofdisk sufficientlysmall sothat has aneb b doublepoint in
originaldiagram Then acas only countdisk in lobeformed nowforany weKercas acaws w

byLeibniz nie all cycles are boundaries LCH o

vanishing CH knotis stabilized exampledueto sivels2013 knot mclo.se

does not characterize unknot

Proof of Chekanor's result

Chekanov's
knots

y a 7

a

c o i
canreadoff ma mica o pens peas l
andboth isotopic are 52knots

onecanwritedown


